ABSTRACT. The Lusternik-Schnirelmann category of a manifold M is the smallest integer k that M can be covered by k open sets each of which is contractible in M. It is an upper bound for the length of nonzero products of Stiefel-Whitney classes of M. The object of this paper is to use this restriction, on the length of nonzero products, to investigate the cobordism classes of manifolds with category less than or equal to three.
Introduction.
Let M be an n-dimensional manifold.1 The Lusternik-Schnirelmann category of M, cat(M), is the smallest integer k such that M can be covered by k open sets each of which is contractible in M. The object of this paper is to identify the cobordism class of a manifold M with cat(M) < 3.
Thom [11] has shown that the Stiefel-Whitney numbers (see [7] ) of M determine the cobordism class of M. It is also known (see [4] ) that cat(M) is greater than the length of the longest nonzero product in H*(M)-the coefficient ring will always be Z2. In particular if cat(M) < 3, then the only possibly nonzero Stiefel-Whitney numbers are W,W"_¿[M] for 0 < i < n. Mielke [5] has shown that if n = 3 (mod4), then all these numbers are zero and thus M is a boundary. We will see in §2 that this is a special case of the following: THEOREM 2.12'. If M is an n-dimensional manifold with cat(M) < 3, then M is either a boundary or else one of the following is true:
(1) n = 2s, s>l, and M is cobordant to (RP2)2""'.
(2) n = 2r(2s + 1), r > 0, s > 2, and M is cobordant to (M)r, where M= U P(l,2s-l-2j)xN],
3=0
Nj is the degree 4j term in the formal inverse (1 + CP2 + CP4 + CP6 + ■ • • )_1, P(l,m) is the Dold manifold [3] (S1 x CPm)/Z2, and \J denotes disjoint union.
In §1, we develop the machinery of Poincaré algebras and introduce a weaker concept, the cobordism category of a manifold, denoted cobcat(M), which has the advantage of being a cobordism invariant. This simplifies the proofs of §2 considerably. In §2 we investigate the cobordism class of a manifold M with cat(M) < 3, culminating with Theorem 2.12.
This work forms a part of the author's dissertation at the University of Virginia. The author would like to thank Dr. R. E. Stong, for suggesting this problem, and for his guidance during the dissertation.
Poincaré algebras and cobcat(M).
Let BO be the classifying space of the infinite orthogonal group. It is well known, (see [7] ), that the mod 2 cohomology of BO is a Zi-polynomial algebra on the Stiefel-Whitney classes W¿, i = 1,2,_ If M is an n-dimensional manifold, then associated to M is a homomorphism t : Hn(BO) ~* Z2 defined by t(W%1 ■■ ■ Wip) = Wh ■■ ■ Wlp [M] where t"i + -• -+ip = n is a partition of n, and W^ ■ ■ • Wip[M] is the corresponding Stiefel-Whitney number of M. Let J = {x e ü*(ßO)|dim(a;) > n or r(xy) = 0 for all y e Hn~dim^(BO)}.
It is easy to see that J is an ideal of the graded algebra H*(BO). Let P* denote the quotient algebra and let /: H*(BO) -> P* be the natural quotient map. Then we have PROPOSITION 1.1 [10] . (1) If M is not a boundary, then P* is an n-dimensional graded algebra with Poincaré duality, and M is a boundary iff P* = 0.
(2) The Steenrod algebra acts on P* with the action given by Sql(f(x)) = f(Sql(x)). Let xbe a, (k -l)-decomposable element of H*(BO) with dim(x) < n. Then for all y e Hn'Aim^(BO), xy is fc-decomposable and so by the above it is zero in P*. Thus x is zero in P*. D From Proposition 1.2, we know that if an element x e P* is 3-decomposable, or if x is decomposable and dim(a:) < n, then x is zero in P*. Thus, in particular, we only need to look at the products WiWn-i, i = 0,1,..., n, in P*. We may assume i < n/2. LEMMA 2.1. (1) If xWi = 0 in P*, where dim(x) = n -i and 0 < i < n, then x = 0 in P*.
(2) For j > 0, iSq1^), if2j + Kn, 23 + 1 l0, if2j + l = n.
PROOF. (1) By hypothesis and the fact that cobcat(M) < 3, we see that all numbers divisible by x are zero, and so x = 0 in P*.
(2) Now, Sq1 (W2j) = WiW2] + W2j+1 in P*. If 2j + l< n, then since W{W2j is decomposable, it is zero. If 2j + 1 = n, then WiW2j -Sq1 (W2j). ü LEMMA 2.2. If n is even and n > 2, then Wi = 0 in P* for all odd i. PROOF. (1) Sqk(W2,) = W2,+k + J2tZo (2"~*t+t~1)WV-tWWt, and decomposable elements of dimension less than n are zero in P*.
(2) Let 0 < j < m. Then n -j = 2r -Y k where 0 < k < 2r and 2r -Y k < n.
Thus by (1), Wn-j = Sqk(W2r). It is known that the Wu class Vj is decomposable, and hence zero in P*, if j is not a power of 2. Thus, W2* = v2r in P* and since 2r > n/2, we have W2r = v2r = 0 in P*. Thus Wn_2 = 0 in P* and so by Lemma 
PROOF. Let Pj denote P(1,2S_1 -2j).
There is a characteristic number Sn (see [7] ) with the property that Sn Furthermore, y is the degree 2i -2 term in
Thus y = Er=o¿k^,-2-2fc(CP2í"1-^ x Nj), and so PROOF. Suppose M is not a boundary. Then by Corollary 2.9, we may assume a(n) < 2. If a(n) -1, i.e., n -2s, then by Corollary 2.5, we have (1). Let a(n) = 2, i.e., n = 2r(2s + 1), where r > 0 and s > 1. By Corollary 2.5, we may assume s > 2. Then, by Proposition 2.10 and Theorem 2.11, we have (2). D Since cobcat(M) < cat(M), the previous theorem also holds under the hypothesis cat(M) < 3. However the representatives given for the possible nonbounding classes above need not have cat(M) = 3, although they do satisfy cobcat(M) = 3. In a few small dimensions the author has representatives with category three. For example in 91} we could take CP2 instead of RP2 x RP2 and in 918 we could take HP2 instead of (RP2)4. The author does not know of representatives with category three for all the dimensions in (1) and (2) above, or even if they exist.
